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1. Introduction

Roger Penroseproposedto use the conformal compactification M of
Minkowski space—timefor a convenientdescriptionof fields andparticlesof
zeromass[1]. The manifoldM is diffeomorphicto the real projectivequadric
(S1 x S3)/Z2.The canonicalRiemannianmetricson the circle S1 andthe three-
sphereS3 define, in a natural manner,two metrics on M: a proper Rieman-
nianone anda pseudo-Riemannianmetric of signature(1,3).The manifoldM
with eitherof the two metricsadmitstwo inequivalentspin structures.Penrose
and Rindler [2] gave a descriptionof thesetwo structures—forthe pseudo-
Riemanniancase—ina geometricallanguageadaptedto the needsof physics;
seealsoref. [3].

In thispaper,wetakeup thegeneralproblemof findingthe spin structureson
the proper(p, q > 0) real (projective)quadrics

Qp,q = (S~X Sq)/
12

endowedwith one of the two naturalmetrics (properor pseudo-Riemannian)
descendingfrom S~x Sq~(To alleviate the language,from now on, the adjec-
tive “projective” will be omittedfrom the expression“projectivequadric”.) We
restrictourselvesto even-dimensionalquadrics,because,as we showin section
4, the manifold Qp,q is orientableif, andonly if, p + q is even.The study of
the odd-dimensionalcaserequiresthe considerationof pin structures.Our work
preparesground for the computationof the spectrumof the Dirac operatoron
Qp,q.

The manifold ~ can be regardedas a “real form” of the complexquadric
Q~of complexdimensionn = p + q. In fact, the embeddingof ~ in Q~,the
Grassmannianof complextwo-planesin C~,playsa fundamentalrole in twistor
theory [2,4—6].The quadricsQ,~havea conformalstructure,but no complex
bilinearRiemannianmetric. For this reason,it is appropriateto defineon Q~
a conformalspin structureas a prolongationof its bundleof conformal frames
correspondingto the non-trivial extensionof the complexconformal groupby
12 [7]. It is interestingto relatethe spinstructureson Qp,q to the conformalspin
structureson ~ [81.

Thenatureof theconstructionof spinstructureswepresenthereis differential-
geometricandLie group-theoretic.Our method is anextensionof the oneused
in thestudyof spin (andpin) structureson spheresandprojectivespaces[9,101
andsimplyconnectedRiemanniansymmetricspaces[11]. Theresultsconcern-
ing existenceandthe numberof inequivalentspin structureson Qp,q, p + q =

2m, wherep, q andm arepositiveintegers,aresummarizedin table 1.
In particular,for the familiar real forms of Q~we havethe following: as is

well known, the sphereS
4 = Qo,4 admitsonespin structure;the “neutral form”

Q2,2 hastwo spinstructures,but theproperRiemannianmetric on (S2 x S2)/12
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Table 1

Summaryof resultsconcerningexistenceand
the number of inequivalent spin structures
on Qp,q, p + q = 2m, wherep,q and m are
positive integers.Here the words “proper”
and“pseudo”referto the natural,properRie-
mannian and pseudo-Riemannianmetrics,
respectively,and the figures in the last two
columns indicate the numbersof inequiva-

lent spin structures.

p and q > 0 m mod 2 proper pseudo
even 0 0 2

2 0

odd,p,q>l 0 0 0
1 2 2

p=l,qodd>l Oorl 2 2

p=q=l 1 4 4

doesnot give rise to anyspin structure;the compactifiedMinkowski spacehas
two spin structuresirrespectiveof whetherit is given a Lorentzianor a proper
Riemannianmetric.The quadric~ hasno spin structurefor eitherof the two
metrics.

Thepaperis organizedasfollows: The nextsectioncontainsasummaryof our
notation and terminology.Section 3 containsa brief reviewof the conformal
geometryofprojectivequadrics.We give,in particular,ashortdescriptionof the
conformalembeddingof a pseudo-Euclideanspaceinto an appropriatequadric
andof the associatedactionof theisotropygroupof a“point at infinity”; thisis
well known,but hardto find in print. In section4, we provethatrealquadricsare
symmetricspacesandexhibit their groupsof isometries.The following section
containstheoremson spin structuresof homogeneousRiemannianmanifolds
andofproductsofspinmanifolds.Thesetheoremsserveastoolsto constructspin
structureson the real quadrics(section6).The last part of the papercontainsa
briefcomparisonof ourresultswith thosethat can be inferred,on theexistence
of spin structures,from the computationof the Stiefel—Whitneyclassesof the
real quadrics.

2. Notationandpreliminaries

Our notationandterminologyfollow the customprevalingin differentialge-
ometry andmathematicalphysics; we often userefs. [12—141.In this section,
wesummarizesomeof ournotationandrecallthe definitionsandpropertiesof
Clifford algebrasandspingroupsrelevantto ourwork on spinstructures;further
detailsmay befound in refs. [7, 15—181.
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2.1. DIFFERENTIAL GEOMETRY

We work in the categoryof finite-dimensional,smooth (i.e. of classC~)
manifoldsandoften omit the adjective“smooth”. If M is sucha manifold, then
TM is (the total spaceof) its tangentbundle; if f : Al —~ N is smooth,then

TM —* TN is itstangent(derived) mapandthe symbolf* is usedto denote
the correspondingpullback of differential forms from N to M. If E —p M is a
vectorbundleover M, thenits fibreE~over x E Al is a vectorspace.If F —f Al
is anothervectorbundle,thentherearethe bundlesE ~ F —* M (the Whitney
sum)andHom(E,F)—*Msuchthat(E+F)x=E~eF~andHom(E,F),=
Hom(E~,Fr). If F —* M is a vectorsubbundleof the vectorbundleE ~ Al,

thenthereis the quotientbundleE/F —* M etc.
The fibre of TM —* M is the tangentspaceT~Mto M at x. A frame (linear

basis)at x is anisomorphismofvectorspaces~ : —~ TiM, wheren = dim M.
If a e GL(n,~), then the composition~a is also a frame at x. The set of all
frameson M is madeinto the total spaceof a principal GL(n,R)-bundle,the
bundleof linear frames.

If P —* Al is a principal G-bundle,thenthe Lie groupG actson P to the right;
the actionmapisP x G ~ (~,a)—k ~a E P.Let p : H —~ G be ahomomorphism
of Lie groups;a mapa: Q —* P is a morphismof the H-bundleQ —~ Al into the
G-bundleP —~ M, correspondingto p, if the diagram

QxH~-~PxG

I I
Q ~ P (2.1)

/
Al

is commutative.In particular, if p and a are surjective (injective), then a
Q —+ P is saidto bea prolongation (restriction) of P to H. Therearetopological
obstructionsto the existenceof prolongationsand restrictions.On the other
hand,given an H-bundleQ —* M anda homomorphismp : H —~ G thereis
alwaysanextensionof Q to G, i.e. a G-bundleP —* Al anda morphisma: Q —*

P, correspondingto p. Theextensionis a bundleassociatedwith the H-bundle
Q —~ Al; the total spaceP is Q x~G, the set of equivalenceclasses[(,~,a)],
where,j ~ Q, a ~ G and [(~j,a)] = [(i~’,a’)] if, andonly if, thereexistsb ~ H
suchthat i~’ = ~ibanda = p(b)a’.

If H = G, p = id anda is a diffeomorphism,thena is said to be an iso-
morphismof G-bundlesover Al. Considernow two prolongationsa1: Q —~ P
(i = 1,2) of the G-bundle‘P to H, bothcorrespondingto p : H —p G. These
prolongationsare saidto be equivalentif thereis an isomorphismK : —~ Q2

of H-bundlesoverAl such that a2 o K = a1.
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If Al is an oriented,properRiemanniann-manifold, then its bundleof lin-
earframesrestrictsto SO (n); similarly, giving on Al an orientationanda met-
ric tensorof signature (p,q) is equivalentto restricting its bundleof linear
framesto SO(p,q). If the latterbundlecan be further restrictedto SO°(p,q),
the connectedopensubgroupof SO (p, q), thenAl is saidto bespace-andtime-
orientable.

2.2. CLIFFORD ALGEBRAS AND SPIN GROUPS

An algebraA overK = ~ orCis saidto beZ2-gradedif thereis adecomposition
A = A0 ~ A1 suchthatA,A~c A1~1,wherei + j is understoodmod 2. If a E A~,
then i = e (a) is the degreeof a. Elementsof degree0 (degree1) are called
even(odd) andA0 is the evensubalgebraof A. A Z2-gradingof A is equivalent
to giving an involution aof A characterizedby the propertya(a) = (_Ue(a)a
for a homogeneous(i.e. of definitedegree).Givena12-gradedalgebraA, one
definesthe twistedalgebraAT as havingthe sameunderlyingvector spaceand
gradingasA, whereastheproductof twohomogeneouselementsa andb is given
in AT by

aTb = (—1 )~(a)e(b)ab

The evensubalgebrasof A andAT areisomorphic.
Let V be a finite-dimensionalvector spaceoverK = ~ or C with a scalar

productg, defined to be a bilinear, symmetric andnon-degeneratemap g
V x V —~ K. TheClifford algebraCl(g) is the universalassociativealgebraover
K with unit, generatedby K eV, subject to all relationsof the form

uv+vu=2g(u,v), u,veV.

Universalityimplies that, if A is anotherassociativealgebraoverK with unit
andf : V —* A is a Clifford mapfor g, i.e. a linear mapsuch that f(v)

2
g(v,v) for everyv e V, thenthereis a homomorphismof algebraswith unit
Cl(g) —~ A, extendingthe mapf. In particular,the Clifford mapfor g,

V-#Cl(g), v~—4---v

extendsto theinvolutionaof Cl(g),definingitsZ
2-grading.Theevensubalgebra

of Cl(g) is denotedby C10(g). In general,the algebrasCl(g) andCl(—g) are
not isomorphic.However, the canonicalinjection V —~ Cl(_g)T is aClifford
mapfor g andextendsto the isomorphismof algebraswith unit

Cl(g) —~ Cl(_g)T

such that i(v)
2 = g(v,v). Restrictedto C1

0(g), this givesa natural isomor-
phism

Cl0(g) —~ C10(—g). (2.2)
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Let V andW be vectorspacesover K with scalarproductsg andh, respec-
tively. Their direct sum V ~ W hasan obviousscalarproductg ~ h. The in-
jections V —~ V © W and W —~ V ~ W extendto monomorphismsof algebras
Cl(g) —* Cl(g © h) andCl(h) —* C1(g ~ h); the algebrasCl(g) andCl(h) are
identified with their imagesin Cl ( g © h). Themap

Clo(g)®Clo(h)—*Clo(g~h), (2.3)

definedby a ® b ~-# ab, is a homomorphismof algebras.

The“numeric” vectorspaceK’~(K = l~or C) hasthestandardquadraticform
(zlz) = + + z~, z = (z1,. .. ,z~)e K~ (2.4)

andthereis the associatedscalarproduct (z~w)of vectorsz,w ~ K’~.
Fromnow on, throughto the endof this section,we considervector spaces

andalgebrasover the realsonly. We saythat u E V is a unit vectorif g(u, u) =

u
2 = 1 or —l andnote that the mapv t—* —uvu1,v ~ V, is a reflection in

the hyperplaneorthogonalto u. The spin group Spin(g) c Clo(g) is defined
as the setof Clifford productsof all evensequencesof unit vectors;the group
multiplication is inducedby the Clifford product. If a E Spin(g) andv E V,

thenp(a) = ava~ is a vector with the samesquareas v. Sincep(a) is the
compositionof an even sequenceof reflectionsin hyperplanes,it is a proper
orthogonaltransformation.By the Cartan—Dieudonnétheorem (ref. [191, §6,
prop. 5), every such transformationcanbe representedas the compositionof
an evensequenceof reflectionsso thatp is a homomorphismof Spin(g) onto
SO(g), the group of orientation-preservingautomorphismsof V, orthogonal
with respectto g. One shows that kerp = {l,—l} = 12; thereis the exact
sequence

1 —~ 12 —~ Spin(g) —* SO(g)—* 1.

By restriction,one obtainsfrom (2.2) and (2.3) the isomorphismof groups

i:Spin(g)—+Spin(—g), (2.5)

andthe homomorphism

Spin(g) x Spin(h) —* Spin(g~h), (a,b) ~ ab. (2.6)

By combining (2.5) and (2.6) oneobtainsalsothe homorphism

Spin(g)xSpin(h)—~Spin(g~(—h)), (a,b)F—~al(b). (2.7)

If V 11” x I~ and g is of signature (p,q),

g(u,u) = (x~x)—(y~y),u= (x,y)~W’x~, (2.8)

thenwe write Cl(p,q), Spin(p,q),etc., instead of Cl(g), Spin(g), etc.
The groupsSpin(n) = Spin(n,0), n = 1,2,..., arecompact;they arecon-

nectedfor n � 2 andSpin(l) = 12. Forpq ~ 0, the groupSpin(p,q) is non-
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Table2

The fundamental groups of
Spin°(p,q).

p and q it
1 (Spin°(p,q))

p=0orl,q~2 0
p=q=2 gel
p=2,q~2 S
pandq>3

compactandhastwo connectedcomponents.The componentof the unit ele-

ment,Spin
0(p,q), givesrise to the exact sequence

12 Spin°(p,q) SO°(p,q) 1.

The group Spin0 (p,q) can be equivalently defined as consisting of products of
all sequencescontainingan evennumberof space-likeandan evennumberof
time-like unit vectors.

With asuitablespecificationof g andh, the homomorphisms(2.6) and(2.7)
reduceto the homomorphisms

Spin(p) x Spin(q) —~ Spin(p + q), (2.9)

~:Spin(p)xSpin(q)—~Spin°(p,q). (2.10)

The fundamental groups of Spin0 (p, q) are given in table 2.
The group Spin(p, q) has a natural structure of a Lie group. Its Lie algebra can

be identified with the vector sub space of Cl
0(p,q) spannedby all elementsof

the form uv, where (u,v) is a pair of orthogonal unit vectors.If u
2 = v2, then

p(cost + uv sint) is the rotation by the angle 2t in the plane spanned by u and
v. If u2 = —v2,thenp(cosht+ uv sinht) is a special Lorentz transformation
for every t eH and uv is an elementof Spin(p,q)not in Spin°(p,q).

Let (e
1, , e,,,Jj, . . ,fq) be the standardlinearbasisin ER~°x H” orthonormal

with respect to (2.8). If p + q is even, p + q = 2m,then the volume element

volp,q =e1•.epfi•.fq (2.11)

is in the centre of Spin (p,q); it is in Spin
0 (p,q) if, and only if, bothp and q are

even. Its square is

vol~,q= Ll)m~°. (2.12)

Wewrite

vol
2m = vol2m,o (2.13)

and note

vol~m= (_1)m. (2.14)
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3. Quadrics and conformal compactification

3.1. PROJECTIVE SPACES

Considera (n + 2)-dimensionalvectorspaceW over K = ll~or C. The set
W’ c W of all non-zerovectorsis anopen (real orcomplex)submanifoldof W
andthe equivalencerelationR in WI,

~ mod R iff there is)L e K suchthat t07 = Aw~, (3.1)

is regular:theprojectivespaceP = W7Rhasa naturaltopologyandadifferential
structurethatmakeit into acompactmanifold of dimensionn + 1 overK such
that the canonical projection W’ —p P is a submersion.For everyw e W’ there
is the line through w,

[w] = {)LW e W:,~eK} (3.2)

andP can be identified with the set of all such lines. The manifold TW’ can
beidentified with W’ x W: if u : H —~ W’ is a curve, thenits tangentvectorat
I H is characterized by (u(t), 11(t)) e WI x W. The equivalencerelation (3.1)
extendsto TW’ = W’>< W,

(w1,v1) (w2,v2) modRiff there are A,u e K (33)
suchthat V)2 = )~w1and v-, = Ày1 + JLWI,

and TP is then identified with TW’/R. If (w,v) e W
1 x W, then [(w,v)]

denotesits classwith respectto the equivalencerelationR definedby (3.3); this
is a vectortangentto P at [w 1.

Let E = P x W be the total space of the trivial bundleE —~ P and

F = {([wl,v) cE: cc [w]}

thatof the canonicalline bundleof P. Note that the fibre of F over [w] E P is
the line [w] itself. With thevector [(w, v)] e TP one associates the linear map
[w] —* W/ [w 1 suchthatw —~ v + [w 1. Thisobservationleadsto the proofof
a naturalisomorphismof vector bundlesoverP,

TP ~ Hom(F,E/F). (3.4)

ThegenerallineargroupGL ( W) actstransitivelyon W’ and, by

a[w] = [aw], aEGL(W),

alsoon P. Thisactionlifts to TP,

a~[(w,v)] = [(aw,av)]. (3.5)

3.2. QUADRICS

Assumenow that W is given a scalarproduct g such that thereexist two

vectorsw
0 andu~with the property

g(wo,w0) = g(VY~,w~)= 0, g(w0,w~) = 1/2. (3.6)
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For K = C this assumption is equivalent to n � 0; for K = H it is equivalentto
the statement that the signatureof g is (p + 1, q + 1) with p and q > 0. From
now we assumen � 1.

The light cone,
N = {w e W’: g(w,w) = 0},

is an (n + 1)-dimensionalsubmanifold(hypersurface)in W’ andthe quadric,

Q = { [w] eP: w e N},

is an n-dimensionalsubmanifold(hypersurface)in P. ThemapW’ —f Prestricts
to asubmersionN —p Q~By consideringthe tangentto acurvein Noneobtains

TN = {(w,v) eN x W: g(w,v) = 0}

andalso
TQ = {[(w,v)] e TP: (w,v) e TN}. (3.7)

The vectorbundleF —~ P restrictsto avector bundleover Q; similarly the
subbundleF —f P restrictsto a line subbundleover Q; we usethe sameletter
E (F) to denotethe total spaceof this inducedbundle.The specialorthogonal
groupS0(g) actstransitively on Q (ref. [19], §4, theor. I, cor. 2). The kernel
of inefficiency of this actionis

J = {I} for n odd, J = {I, —I} for n even. (3.8)

The effectiveAlObiusgroupof transformationsof Q is SO(g)/J.
If V is a vectorsubspaceof W, thenV-i- is thesubspaceorthogonalto V. Since

g is non-degenerate,V” = V. If a e SO(g),then

aV = V is equivalentto aV- = V’. (3.9)

If V c V-’-, thenall elementsof V havevanishingsquares;suchvectors,and V
itself, aresaidto be null (sometimes:isotropic).The subbundleF of E admits
an orthogonalsubbundleF-’- relativeto the fibre metric g on E:

F’ = {([w],v) eQ x W: g(w,v) = 0}.

As g(w,w) = 0, F c F’.

Proposition1. Thereis a natural isomorphismofvectorbundlesoverQ,

TQ ~ Hom(F,F’/F).

This is simply a reformulationof (3.4), usingthe condition that [(w, v)] E

TQ if andonly if g(w,v) = 0. The scalarproduct g inducesa scalarproduct
in the fibres of the bundleF’/F —~ Q, but the tangentbundleTQ inherits only
a weakerconformalstructure,which is preservedby the action of the Möbius
group.
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3.3. CONFORMAL COMPACTIFICATION

If w0,w~e W areas in (3.6), then

V = span{wo,w~}’ (3.10)

is an n-dimensionalvectorsubspaceof W andthereis adecompositionof W
into a direct sumof vectorspaces,

W = Vc~Kw0e’Kw~,

suchthat (Kw~)’ = V ~ Kw~.The restrictionh of g to V is non-degenerate;
if K = H andthe signatureof g is (p + 1, q + 1), then the signatureof h is
(p,q). The injection

V —* Q, i(v) = [v + w0 — g(v,v)w~], (3.11)

is smoothand its imageis openanddensein Q; moreprecisely,thecomplement
of the imageis the set

= {[w] e Q: g(w,w~) = 0}. (3.12)

If K = H andp or q = 0, thenQ~= [w~] iszero-dimensional,the quadricQ
is diffeomorphicto the n-dimensionalsphereS,~,whichis aone-pointconformal
compactificationof V = H’~with h the standardscalarproduct.If K = C or
K = H andpq > 1, then Q~is the (n — 1)-dimensionalcompactified“light
coneatinfinity” [1, 20].

If a e SO(g), v e V and i(v) = [w], thenfrom the definition of the action
of S0(g) on Q, onehasai(v) = [aw]. The vectorav neednot be in V and,
evenif it is, i(av) neednotcoincidewith ai(v).

Proposition 2. Themap i is a conformaldiffeomorphismof V on its imagein Q.

To prove the proposition,evaluatethe tangentmap i~: TV —~ TQ using
TV ~ V x V andconsideringa curve H ~ I ~ i(u + Iv) ~ Q, where u,v e V.
Computingthe tangentvectorto the curve at I = 0 oneobtains

i~(u,v) = [(u+wo—g(u,u)w~,v—2g(u,v)w~)]. (3.13)

Sincev is orthogonalto the null vector~ oneseesthat i is conformal.
If [w] e i(V), theng(w,w~)~ 0. The inverseof (3.11) is the smoothmap

i(V) —* V given by

i
1([w])= (~w—g(w,w~)w

0—g(w,wo)w~)/g(w,w~).

In particular, i
1 ([wo]) = 0, whereas [w~] doesnot belongto i(V): it is a

“point at infinity” with respectto V. Note that, sinceV is conformallyflat, so
isQ.
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3.4. THE LINEAR ISOTROPY REPRESENTATION

Therestrictionh of g to V gives rise to the specialorthogonalgroupSO(h).

The conformalgroup of h is

CO(h) = {a e GL(V) : ~l e K’ suchthat v e V z~g(av,av) = 12g(v,v)}.

There is the exactsequence

1 J K’ x SO(h) ~ CO(h) .‘ 1,

where
fo(l,a)v = lay, (l,a,v) e K’ x SO(h) x

J is as in (3.8) andK’ is the multiplicative group of non-zeroelementsof K.

The homomorphismfo makes
H = K’ x SO(h) x V (3.14)

into a semi-directproductof K’ x SO(h)by V: the compositionof elementsin
H is given by

(l,a,v)(l’,a’,v’) = (ll’,aa’,f(l,a,v)v’), (3.15)

where

f(l,a,v)v’ = v + fo(l,a)v’. (3.16)
Themapv’ ~ f (l,a,v)v’ definesan actionof H in V which is a composition
of a rotationa, dilatationby / andtranslationby v.

Let
Hoc = {a e SO(g):a[woc] = [woc]}

bethe isotropysubgroupof SO(g) at [woc] e Q. As W admitsa linear frame
composedof null vectors,an elementa e S0(g) is uniquelydeterminedby its
actionon N. Hencea e Hoc is equivalentto aQoc = Q~andalsoto ai(V) =

i(V). Ifa e Hoc, thenthereisÀ(a) e K’ such that

awoc = À(a)woc. (3.17)

Since [wo] e i(V) andg(aw
0,aw~)= g(wo,w~),thereis avector11(a) E V

suchthat
aw0 =À(a)’(v(a) +wo—h(v(a),v(a))woc). (3.18)

If v e V, then A(a)g(av,w~)= g(av,aw~)= g(v,w~) = 0 and

g(av,aw0) = g(v,wo) = 0. Therethusexists~(a) e 0(h) such that
av _—p(a)v—2h(p(a)v,v(a))woc. (3.19)

Checkingthatdetp(a) = detaoneestablishesp(a) e S0(h) andprovesthat
the map

Hoc~H, ~~—4 (À(a),p(a),u(a))
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is anisomorphismof groups.TheactionOf Hoc in i ( V) inducestheaction(3.16)
of H in V: this is expressedby the relation

aoi = iof(À(a),~i(a),v(a)), (3.20)

easytoverifyfrom(3.11), (3.17)—(3.19)anda[w] = [aw].
Elementsof 0(g) not in Hoc induce in V local conformal transformations.

For example,the mapa : W —p W given by

aw0 = woc, awoc = wt~, av = ?) for V E V,

is orthogonal.Assumingh (v, v) ~ 0 one has

a [v + u~— h(v, v )woc] = [—v/h(v, ?1) + W0 — Woc/h(v, v)],

i.e., a inducesthe inversionv H—p —v/h(v,v)definedon V with its light cone
removed.

The tangentspaceToc,Qto Q at [Woc] is isomorphicto V: an isomorphism1
is given by

j: V TocQ, 1~)= [(woc,v)j. (3.21)
The tangentactionof Hoc in TocQ, i.e. the linear isotropy representationof Hoc,
is givenby (3.5) and, through (3.21), inducesan actionof C0(h) in V. This is
expressedby

a~oj = jo fo(A(a)’,p(a)). (3.22)

3.5. COMPLEX QUADRICS

Complexquadricsareoutsidethe scopeof thispaperandwe restrictourselves
to afew remarkson theirproperties.The complexquadricof complexdimension
n,

Q~= {[z] ECP0~1: (z~z)= 0}, (3.23)

is diffeomorphicto the GrassmannianG(2,n) of orientedtwo-planesin HI~+
2.

The complexquadric has two “natural” geometricstructures:the (holomor-
phic) conformalgeometryinducedby the quadraticform (z z) in C0+ 2 asde-
scribedin section3.3 andthe Kählerstructureinducedby the Hermiteanform
(z ±).The latter structurecan be thoughtof as inducedby the embeddingof
Q

0 in CP0~1equippedwith the Fubini—Studymetric [12]. Since G(p,n) =

SO(n + p) / (S0(n) x 50(p)), the quadricQ,~,consideredas aproperRieman-
nianspace,is a spin manifold if, andonly if, n = 1 or n is even[11, th. 8].

Complex quadricsdo not admit any smooth,complex-bilinearRiemannian
metric.Thismaybeseenasfollows [21]: suchametric woulddefineacomplex-
linear isomorphismof the tangentbundleT = TQ~on thedual bundleT*. The
Kählermetric—whichexists—definesan isomorphismof T* with the complex
conjugatebundle1. For the first Chernclassesone hasc1 (T) = —c1 (T) and
c1 (T) ~ 0 for complexquadrics [12]. Therefore.T andT* cannotbe isomor-
phic.
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4. The real quadrics

From now on we assumeK = H andconsideronly the real quadrics.Let
X = Hp~, Y = ~~+l andW = X x Y be given a scalarproductg of signature
(p + l,q + 1) suchthat

g(w,w) = (xix) — (yiy), w = (x,y) cxx V.

The real quadric

Qp,q = { [(x,y)] : (x,y) e x H~,(xix) = (y~y) ~ 0} (4.1)

is a compact, (p + q)-dimensionalsubmanifold of the real projectivespace

= S~~1/l2,wheren = p + q. The embedding

Qp,q Qp±q, [(x,y)] i~ [(x, ~iy)]
definesQp,q as a “real form” of ~ cf. (3.23).

Since everyline [(x, y)] e ~ containsexactly two oppositevectors,say
(x,y) and (—x,—y), suchthat (xix) = (yiy) = 1, the quadricQp,q may be
identified with the quotient (S~x

5q ) /12 andthe embedding

(S~>< S~)/l
2= Qp,q HPp+q+i = Sp+q+1/12 (4.2)

comesfrom the tautologicalmap

Sp x S~—* Sp~q~i (4.3)

sending(x,y) eS~x
5q to (x/v”~,y/v’~)C 5p+q+I~ Clearly, Q~,o~ Qo,p ~

Fromnow on we consideronly properquadrics,i.e., suchthatpq � 1.
The connectedcomponentSO0(p + 1, q + 1) of the group of orthogonal

transformationsof W acts transitivelyandconformallyon Qp,q. Thisgroupcan
berestricted—withoutlossof transitivity—to its maximalcompactsubgroup

G = SO(p + 1) x SO(q + 1). (4.4)

The structureofthetangentbundle~ = ~ canbeobtainedfrom propo-

sition 1 or directly from thatof T(S~x Sq). Namely,we have

Proposition 3. Thetangentbundle~ oftheproperquadric Qp,q decomposes
into the directsumoftwo vectorbundlesT~and T~’~with fibre dimensionsP
andq, respectively.Eachofthesesubbundlesis orientable iff its fibre dimension
is odd. Thebundle~ is orientable iff p + q is even.

Proof The tangentbundleof thep-sphere5,, is

TS~= {(x,u) eS~xH”~’ : (xiu) = 0}.

Considerthe actionof the group12 = { 1, —1 } in TS~x TSq given by

((x,u),(y,vfl(—l) = ((—x,-u),(-y,—vfl;
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then
Tp,q = (TSr x TS~)/l2.

Theformula

[(x,u), (y,v)] = [(x,u), (y,O)] + [(x,0), (y,v)]

definesthe subbundlesT~’~andTp”q andthe decomposition

Tp,q = T,,’~~ T,~q. (4.5)

Consider now the canonical projections

pri:SpxSq—*Sp, pr2:S~xS~—*S~,

and
m: S~x Sq —* (S~x S~)/l2, 7r(x,y) = [(x,y)]. (4.6)

Let a,, be the antipodalmap,a~,: 5,, —‘ 5,,, ap(x) = —x. If w~is the standard
volumep-form on S~,thenaw~= (—l)”~w,,and, wheneverp is odd, the

form w,, definesanowherevanishingsectionof the bundleA” Tp~*q,thusproving
the orientabilityof Tj~q.Moreover,

Wp,q = pr’~wpA pr~wq

is a (p + q)-form on Si,, x
5q suchthat

aqwp,q = (_ 1 )P+~w~~,

where
ap,q : S~x Sq —p S~x 5q~ ap,q(x,y) = (—x,—y). (4.7)

Therefore,if p + q is even, thenthe form Wp,qdescendsto a volumeform on the
quadric,thus proving its orientability. Conversely,if the quadricis orientable,
then,sinceGis compactandconnected,thereis avolumeform w on thequadric,
invariantwith respectto G. The form n*w on S,~x Sq is thenalso invariantwith
respectto G and ctqJr*w = m*w; therefore,~ is proportionalto w,~,and
p + q is even.A similar argumentshowsthat T,~,q (T,~q)is orientableonly if p
(q)isodd.

The group G acts as a transitivegroup of isometriesof two distinguished
Riemannianmetricsgp+q andgpq on Q,,q; theycan be described as follows. Let
g

0 denotethe standardproperRiemannianmetric on S~the metricsg~qare
characterizedby

= prj’g~±pr~g~. (4.8)

The metric g~qcoincides,up to a numerical factor,with the restrictionto Qp,q
of theFubini—Studymetric on CP~+~+i.The conformalclassof the metric gpq

defines the conformal geometry on Qp,q describedin section3.
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Fromnow on, throughoutthe paper,we assume

p + q = 2m, m = 1,2 (4.9)

By virtue of this assumption,the integersp and q aresimultaneouslyevenor
odd; we refer to thesetwo casesas evenandodd, respectively.

Proposition 4. In the even case, the action of the group G = SO (p + 1) x
SO(q + 1) on Qp,q is effective;in the oddcase, thekernelofinefficiencyJ is 12,

generatedby (—I,+i, 1q+i) e G, whereindenotesthe identity in H0.

This is a straightforwardconsequenceof the fact that —I~belongsto S0(n)
iff n is even.

To determinethe isotropygroupof a point in Qp,q underthe actionof G it is
convenientto considerthe monomorphism

h~: 0(p) —f SO(p+ 1) (4.10)

characterizedby
h~(A)et=Ae,, i = l,...,p,

h~(A)e~+
1=(detA)e,,~i. (4.11)

An elementof SO(p + 1) is in the imageofh~if, andonly if, it commuteswith
the reflectionE~+ i of H~+ in thehyperplaneorthogonalto e~+ i. The reflection
ofH~÷’in the hyperplaneorthogonalto f~+1 is denotedby Fq~1~

Proposition 5. ThesubgroupH ofG leavinginvariant thepoint [(e~~1,fq±i ) I C

Qp,q is isomorphicto thegroup

S(O(p) x 0(q)) = {(A,B) e0(p) x0(q) : detA = detB}.

In the oddcase, the isotropy subgroupofthe effectivegroup G/Z2 is isomorphic

to 50(p) x SO(q).

Indeed,if (A’,B’) E H, theneither A’e~+i= ep+l andB’fq~1 = f~÷ior
= —ep+l and B’fq+1 = fq+i Therefore,there is a pair (A,B) e

0(p) x 0(q) suchthat A’ = h~(A),B’ = hq(B) anddetA = detB.
In the odd case,det(—A) = —detA for A e 0(p) or 0(q) andthereis the

commutativediagramof grouphomomorphisms

S(0(p)xO(q))~~ S0(p+l)xSO(q+l)
I I

50(p) x SO(q) —~ (S0(p + 1) x SO(q + l))/Z2

wherethe first verticalarrowis (A,B) ~ (eA,eB), e = detA = detB,andthe
lower horizontalarrow is injective.
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It is also worth notingthat

5(0(p) x 0(q)) = SO(p + q) flSO(p,q), (4.12)

50(p) x S0(q) = SO(p + q) flSO°(p,q). (4.13)

Themap

a:G—~G, a(A,B)= (Ep±iAEp+1,Fq~iBFq+i)

is an involutive automorphismof G. The subgroupG~of G consistingof all

elementsleft invariant by a is isomorphicto 0(p) x 0(q) and its connected
componentof the unit elementis G~= 50(p) x SO(q).This proves(see ref.
[12], ch. XI, §2):

Proposition 6. Thetriple (G, H, a) is a symmetricspace,

G~c H c G~,

for eitherofthe two metrics~ andg~qon Qp,q.

Thetangentspaceto Qp,q at [(e~+1,f~+1)] is isomorphicto H” x~ Depend-
ing on whetherthe quadric is given the metric ~ or gpq, this vectorspacein-
herits a bilinear form of signature(p + q,0) or (p,q), respectively.The action

of the effective isotropy groupon tangentvectors inducesan injection of this
group into SO(p+ q) or SO(p,q), respectively.A simplecomputation,basedon
proposition3, or on the canonicaldecompositionof the symmetricLie algebra
associatedwith the symmetricspace(G, H, a), leadsto

Proposition 7. Thetangentaction of the isotropy group H of a point on the

quadric Q,,~inducestheautomorphism

S(0(p) x 0(q)) —~ S(0(p) x 0(q)) (4.14)

givenby
(A,B) ~—* (cA,cB), (4.15)

wheree= detA = detB.

SincedeteA = deteB = e~~
1in the oddcase—unlikein the evenone—the

effective isotropy group injects into the connected component of the identity
of the pseudo-orthogonalgroup. This is sobecauseonly in the odd caseis the
quadric not only orientable, but alsospace-andtime-orientable:thesubbundles
Tj~,qandT~,~’qare both orientable (proposition 3).

Recallthat in the “Lorentziancase”,i.e. whenp andq are bothodd andp or
q = I, thequadricis a Cartesianproductof acircle by a sphere.Indeed,let p =
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1 andq = 2m — 1 andrepresentan odd-dimensionalsphereas a hypersurface
in Ctm,

S2m-1 = {z eC2”: (zi~)= l}.
Ifz C S2m—1 andz

0 C S~,i.e. z0 CC and izoi = 1, then z0zC
52m—1 andthe map

(S
1 xS2~1)/Z2 ~Sl xS2~1, [(z0,z)]: (z~,z0z) (4.16)

is a diffeomorphism.

5. Spin structures on homogeneousspaces

5.1. DEFINITIONS

We recall now the definition of aspin structureon aconnected,orientedn-
dimensional proper Riemannian manifold Al. Let m : P —p Al be the principal
S0(n)-bundleof orthonormalframesof the given orientation on Al. A spin
structureon Al is a prolongation (section2.1) a : P —f P of P to Spin(n),
correspondingto p : Spin(n) —* S0(n).The mapa makesP into a doublecover
of P andx 0 a: P —p Al is a principal Spin(n)-bundle.

A Riemannianmanifoldwith a given spinstructureis saidto be a spinmani-
fold.

It is clearthat the definition of a spin structureextends,mutatismutandis,
to pseudo-Riemannianmanifolds.If sucha manifoldis not only orientable,but
also space-andtime-orientable,then its bundleof framescanbe restrictedto
SO

0(p, q) and, if M hasaspin structure,then the bundleof “spin frames” P
can be restricted to Spin0 (p,q). To distinguishbetweendifferentsignaturesand
orientabilities,we shalluseexpressionssuch as Spin(n)-structure,Spin(p,q)-
structureandSpin0 (p,q)-structure.Thereare similar structurescorresponding
to non-orientableand space-or time-orientablemanifolds (seeref. [15], but
notethatSatz2.2 on p. 71 shouldbe replacedby the conditionfor the existence
of spin structures on pseudo-Riemannian manifolds given by Karoubi [16], cf.
section7).

5.2. BUNDLE OF ORTHONORMAL FRAMES

The bundle of orthonormal frames of a homogeneousRiemannianmanifold
canbe described as follows.

Proposition 8. Let Al be an n-dimensional,orientedproperRiemannianmani-
fold with a transitiveLie group G oforientation-preservingisometries.LetH be
theisotropysubgroupofG at thepointo e Al and~: H —~ S0(n) bethe linear
isotropyrepresentationdefinedby thetangentaction ofH on vectors.Thebundle
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P oforthonormalframesofthegivenorientationon Al is isomorphicto thebun-
dle associated~y i with theprincipal H-bundleG —~ G/H = M. Theaction ofG
on Al lifts to an action to theleft on P, commutingwith the action ofS0(n).

Proof The representationt can be describedas follows. Let ~ : H” —~ T0Al be
an orthonormalframe at o, i.e., an isometryfrom H”, with its standardscalar
product,to T0Al endowedwith the bilinear form obtainedby restrictionof the
metric tensoron Al. If a~: TAl —+ TM is the actionof a E G on tangent
vectors,then, force H, we havez(c) = ~ c~0 ‘~. The bundleG x~S0(n)
associatedwith G —p G/H by T consistsof equivalenceclasses[(a, b)], where
(a,b) e Gx S0(n) and [(a,b)] = [(a’,b’)] wheneverthereexistscC H such
that a’ = ac andb = z(c)b’. The map

Gx~S0(n)—~P,[(a,b)]~—~a~o~0ob (5.1)

is well defined,bijectiveandequivariantwith respectto the action of S0(n)
in bothbundles:it definesthe isomorphismwhoseexistenceis assertedin the
proposition.The lift ofthe actionofG toP is given by a[(b,c)] = [(ab,c)],
wherea,b C G andc~S0(n).

It is clear that proposition 8 extends,in an obvious manner,to pseudo-
Riemannianmanifolds.In the sequel,we formulateseveralpropositionsabout
spin structuresassociatedwith homogeneous,properRiemannianmanifolds.
Theassumptionthatthe metric is positive-definiteis madeto alleviatetheexpo-
sition. It will be clearthatour considerationscan be extendedto homogeneous,
pseudo-Riemannianmanifolds.In fact, such extensionswill haveto be usedin
theapplicationsof thegeneraltheoremsto the realquadricsQp,q with themetric
tensorg,~q.

5.3. LIFTS TO SPIN

Considerthe homomorphism

p : Spin(n) —~ 50(n),

definedin section2.2, a Lie groupH anda homomorphism

r:H—*S0(n). (5.2)

We saythat the homomorphism

~:H—*Spin(n) (5.3)

isaliftofrtoSpin(n) ifpo~ =

Lemma 1. Anytwolifts ofa homomorphism(5.2) coincidewhenrestrictedto the
connectedcomponentH0 ofthe unit elementofthe Lie group H. If~and ~‘ are
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twosuchlifts, then the mapH —~ Spin(n)givenby a ‘—‘ ~‘ (a)~(a‘) takesvalues
in 12 c Spin(n)andfactors through the canonicalmapH —p H/H0 to yielda
homomorphismK : H/H0 —p z2~Conversely,givensuch a homomorphismK and
a/iftioft, themap~‘:H—.Spin(n),given by~‘(a) = K(aHo)r(a), isanother
lift oft.

To prove the lemma,it is enoughto note that, given two lifts ~ and ~‘ of r,
the mapa ‘—~ ~‘(a)~(a’) from H to Spin(n) is a lift of the map a ‘—p I~from
H to S0(n); therefore,the formermap is 12-valuedandconstantover every
connectedcomponentof H.

5.4. THE UNIVERSAL COVERING GROUP

The universalcoveringgroup of a connectedLie group is simply connected
andthe following lemmaholds [221:

Lemma 2. The universalcoveringgroup ~ of a connectedLie group G is a
principal ~ (G)-bundleoverG; theAbe/iandiscretegroupn~(G) can beidentified
witha subgroupofthecentreofG and there is an exactsequence

1 ~1(G) ,‘ G ~ G ‘1. (5.4)

EverydoublecoverGofGcanberepresentedas x 0Z2, where0 : m1 (G) —p z2 is
a homomorphism.In particular, if 0 issurjective,thenG = G/ ker0 is connected;
otherwise,G = G x Z2.

5.5. CONSTRUCTIONOF SPIN STRUCTURES

Considertwo spin manifoldsM’ andM” of dimensionp andq, respectively.
The metric tensorsg’ on Al’ andg” on Al” definetwo metric tensorsg+ and
g on the productmanifold Al = Al’ x Al”,

g~= prig’ ±prig”.

Let a’ : P’ —~ P’ be the spin structureon Al’, whereP’ is the S0(p)-bundleof
orthonormalframeson Al’ andlet a similarnotationapplyto Al”. Theprincipal
S0(p) x S0(q)-bundleP’ xP” —~ Al’ xAl” can beconsideredas a restrictionof
the S0(p + q)-bundle(SO°(p,q)-bundle)of frameson Al, orthonormalwith
respectto g+ (g). The manifold P’ x P” is a fourfold cover of P’ x P” and
the bundles

(F’ x P”) ~ Spin(p + q), (P’ x P”) x Spin°(p,q),

wherethe homomorphismsq~andço areas in (2.9) and (2.10), definespin
structureson Al, associatedwith g+ andg, respectively.This observationcan
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be usedto constructspin structureson the quadricsQ1,2,n—1 ~ Si x S2,,,—1. In
the generalcase,we canappealto

Theorem 1. Let Al bean n-dimensional,oriented,connectedRiemannianman-
ifold with a transitiveLie group G oforientation-preservingisometries.Let H be
the isotropy group ofa point o ofM and t : H —p S0(n) he the linear isotropy
representation.Then

(i)ifr lifts to ~ : H —# Spin(n), then thereis a spin structureon Al such that
P = Gx~Spin(n);

(ii~if~and~‘ are two lifts oft and thespin structuresdefinedby P and F’ =

G x~,Spin(n) are isomorphic,then~ =

(iii,) if thegroupG is simplyconnectedandAl has a spin structure, then r lifts
to Spin(n).

Proof
(i) The homomorphism~ : H —* Spin(n) defines the principal Spin(n)-

bundle P = G x~Spin(n) —* M as abundleassociatedwith theH-bundleG —p

G/H = Al. The mapa : P —* P = G x~50(n) is well definedby a[(a,b)] =

[(a, p(b))], where (a,b) C G x Spin(n).The standarddefinition oftheaction
ofSpin(n) in P gives a([(a,b)]c) = a[(a,bc)j = [(a,p(b))]p(c), where
a C Gandb,c C Spin(n).

(ii) Let A : P —p p’ be an isomorphismof the spin structurea : F —~ P
onto a’ : P’ —~ P, i.e., a diffeomorphismsuch that a’ 0 A = a and A(i~ib)=
A(i~)bfor every 17 C F andb C Spin(n).The first of theseconditionsis equiv-
alent to the existenceofa mape : P —* 12 c Spin(n) suchthat A[(a,b)] =

[(a,e[(a,b)]b)]. The secondimplies thate is constanton the fibres of P
M and, therefore,definesa continuousfunction Al —p 7~which is constantby

virtue of the connectednessof M. ThusA[(a,b)] = A[(a,�b)j, wherec =

or —1. On the otherhand,the chainof equalities

[(ac,eb)] =A[(ac,b)] =A[(a,~(c)b)I

=[(a,e~(c)b)] [(ac,c~’(c’)~(c)b)]

gives i =

(iii) Let a : P —~ P = G x~S0(n) L Al be aspin structureon Al. Since G
is simply connected,by the homotopylifting theoremfor covering spaces[22],
the action of G on P lifts to an actionof G on F, (a,~)‘—k arj, commuting
with thatof Spin(n) andsuch that a(a17) = aa(17), where a C G and1] C P.
Let ~ e P be the orthonormalframe at o C Al, occurring in the definition of
the representationt, cf. the proof of proposition8. Let ij,, be one of the two
elementsof P suchthat a(170) = ~. Sincethe actionof Spin(n) is transitive
on the fibres of it 0 a : P —p M and, for every a e H, the elements~j,, and
a~0are in the samefibre, thereexists an element~(a) of Spin(n) such that
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= ‘70~(a).By thecommutativityof the actionsof G andSpin(n) in F, this
elementdoesnot changewhen~ is replacedby ~ (—1) and~: H —p Spin(n)
is a homomorphismof groups.The equivarianceconditiona(’7c) = a(’7)p(c)
where’7eP andc C Spin(n),showsthat p o = r. E

Any transitiveLie groupof transformationsof a manifold can be replacedby
a Lie group acting transitively and effectively: it sufficesto quotientthe group
by its kernel of inefficiency.

Theorem 2. Let Al, G andH beas in theorem1. Assumefurthermorethat G is
connectedandacts effectively;let ~ bethe universalcoveringgroupofG andP
be thesubgroupof~coveringH. Then

(i) the linear isotropyrepresentationr : H —~ S0(n) is injectiveandtheprin-
cipal bundleG —~ Al is a restrictionoftheprincipal S0(n)-bundleP —* Al to H;

(i() if~: P —~ Spin(n) is a lift ofthelinear isotropy representationofH, then
thespinstructure x~Spin(n) admitsa restriction G = G x0 12 to thesubgroup
H = H x0 12 ofSpin(n),where0 : it1 (G) —~ l~is the homomorphismobtained
by restricting~to it1 (G) c II;

(iii) conversely,if there is a spin structureP on Al, and G is the restriction of
P to thesubgroupP ofSpin(n)coveringthesubgroupH ofSO(n), then there
isahomomorphism0: mi(G) —~ 12 such that~ = Ox012,P = Px012
and the linear isotropy representation of P lifts to ~: P —~ Spin(n)obtainedby
composingthe homomorphismsP —~ P —* Spin(n). ThebundleP is isomorphic
to G x~Spin(n).

Proof
(i) If a C H anda*IT~M= id, thena : Al —* Al, beingan isometry,preserves

pointwiseeverygeodesicthrougho;thereforea is ineffectivein aneighbourhood
of o and, sinceAl is connectedandG acts effectively, a is the unit element
of G; this showsthat r is injective. The mapG —i P = G x~S0(n) given by
a ‘—* [(a, Ia)] is theninjectiveandmakesG into a restrictionofP to H.

(ii) By restriction,the sequence(5.4) givesthe exactsequence

1 -~ ir1(G) -~ H -~ H -4 1.

Let r be the (injective) linear isotropy representationof H; the corresponding

representationof P is t o t andthe projection
a: P = ~ x~Spin(n) —~ G x~S0(n) = P

is given by

a[(a,b)] = [(t(a),p(b))],
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where (a,b) C x Spin(n) and t is asin (5.4).Sincepo~= tot, the restriction
of ~to it

1 (G) c P takes values in 12 c Spin ( n) and defines a homomorphism

0:ir1(G)—~l2. (5.5)

Let GandH be the groupsGx0 12 andP x0 12, respectively.The map

~:P~Spin(n), ~[(a,e)] =

where (a,c) C P x Z2, is a well-defined homomorphism which is injective,

= 1 ~ e~(a)=~ a C ir1(G), e = O(a~).

The obviousmap
G = G x0 12 4 x~Spin(n) = P

is alsoinjectiveandmakesO into a restrictionof P to H.
(iii) If P is a spin structureon Al and O is its restrictionto H, thenG is a

doublecoverof G. Accordingto lemma2, thereexistsa homomorphism(5.5)
suchthat G = x0 ~ Let ~ : H —~ Spin(n) be the injection definingH as a
subgroupof Spin( n). Thelinear isotropyrepresentationof P is thecomposition
of mapsP -~ H —p SO(n) and it lifts to ~, as announcedin the theorem. The
bundle F is obtained from Gby extending the structure group of the latter bundle
to Spin (n), P = H x~Spin (n). Moreover, an easy check shows thattheobvious
mapP —p G x~Spin(n) is an isomorphism of spin structures.

Remark. The relationsbetweenthe variousmapsandspacesoccurringin theo-

rem 2 aresummarizedin the commutativediagram

H—+G
~/I Io

Spin(n) ~LH —* G —~ P = Gx~Spin(n)

I I I
t

50(n) .—H~G—*P=Gx~S0(n)

whereall horizontalarrowsare injective. The homomorphismó : G —f G =

Gx0 12, ó(a) = [(a, 1)], hasthe samekernelas 0 andis surjectivewhenever
0 is. Ifker0 = m1(G), thenthereis a “trivial spin structure”,G = G x 12.

6. Spin structureson even-dimensionalreal quadrics

Theorem 1 will now be used to determineall spin structureson even-
dimensionalquadrics.Sincethe groupsSpin(n) aresimply connectedfor n > 3,
but Spin(2) is not,wetreatseparatelythe quadricsQl,2rn—~.We usethenotation

p - -
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(i) Let p + q = 2m andp, q > 2; the group

G = Spin(p + 1) x Spin(q + 1) (6.1)

is simplyconnectedandactsas atransitivegroupof isometrieson Qp,q endowed
with eitherof the two metrics~ and~ definedin section4. In view of the
homomorphisms(2.9) and (2.10),onecan treatsimultaneouslybothsignatures
providedthatoneassumesthe generators(f1, . . . fq±~)ofthe Clifford algebra
associatedwith R”~

1to satisfy

f~f~+ f
0f,, = +2ô,,,~, (6.2)

wherep, v = 1, . . . , q + I and the signs + and — correspondto the signatures
(p + q,0) and (p,q), respectively.

Thegroup G actsin Qp,q accordingto

(a,b)[(x,y)] = [(axa
1,byb1)I,

where(a,b) e G, (x, y) e 5,,, x 5q andClifford multiplication is understoodon

the right. The isotropysubgroupH preservingthe point [(ep~i,fq~i)] has
H

0 = Spin(p) x Spin(q)

as its connectedcomponentof the unit elementandis generatedby H0 andthe
element(e1e~+i,f1f~+i).Thelinear isotropyrepresentationt: H —* 5(0(p) x
0(q)) follows easilyfrom proposition7. It is given by

r(a,b) = (p(a),p(b)) for (a,b) C H0, (6.3)

r(eiep+i,fifq+i)) = LE1, F1), (6.4)
whereE1 andF1 are the reflectionsof H~andH” in hyperplanesorthogonalto
e1 andfi, respectively.

The restrictionof t to H0 lifts to ~ : H0 —~ Spin(p + q) or Spin(p,q),

~o(a,b) = ab for (a,b) C H0. (6.5)

Theelement(—E1,—F1) C 5(0(p) xO(q)) is coveredby theelements±e1f1vol,
wherevol = volp+q or volp,q dependingon whetherthe signatureis (p + q,0)
or (p,q), respectively,cf. (2.11) and (2.13). The squareof (elep+1,flfq+I) is
(— 1, —1) e H0 andis sentto 1 by (6.5). Therefore,a necessaryandsufficient
conditionfortheexistenceof alift of thelinear isotropyrepresentationto Spinis

(e1f1vol)
2 = 1. (6.6)

By virtue of (2.12), (2.14) and (6.2), the last condition is equivalentto

m 1 (mod 2) for signature(p + q,0), (6.7)
m + p 0 (mod 2) for signature(p,q). (6.8)

If either (6.7) or (6.8) is satisfied,thentherearetwo lifts ~. given by

= To, ~±(eiep~i,fifq+i) = ±e
1f1vol. (6.9)
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Accordingto theorem1, the lifts ~ andL definetwo inequivalentspin struc-
tureson the quadricandeveryspinstructureis equivalentto one of thosetwo.
This justifies the entriesin table 1 correspondingto the first four lines.

(ii) Letp = l,q = 2in — 1 andin >2. The simplyconnectedgroup

G=HxSpin(2m) (6.10)

actstransitivelyon Q1,2m—1 by

(t,a) [(x,y)] = [(xexp2it~t,aya’)j,

where (t,a) C G,x C U(l), andy C
52m1 The connectedcomponentof the

unit in the isotropygroupH of the point [(1, f2,n ) I iS

H
0 = {0} x Spin(2in — 1).

The isotropy groupH is generated,as a subgroupof G, by H0 andthe element

(~,fif~m). (6.11)

The linear isotropy representationis as in (i), viz.,

r: H —* {l} x S0(2m— 1),

where
t(0,a) = (1,p(a)), z(~,flf2rn) = (1,—F1).

The restrictionof r to H0 lifts to

~0:H0~Spin(2m) or Spin(l,2m— 1), ~0(0,a) = a.

The elementf~. f2,~,—iC Spin(2m) or Spin(l,2m — 1) covers (1,—F1). Ir-
respectiveof whether the quadric Q1,2,n—1 is given a metric of Euclideanor
Lorentziansignature,thereare, for every m > 2, two different lifts ~+ and~L
of t; they aredeterminedby

= ~o, ~ flf2rn) = ±f2 f2rn-1. (6.12)

There is no condition analogousto (6.6) becausethe squareof the element
(6.11),equalto (1,—i), is not in H0.

(iii) The ratherwell-known caseof the torus Qi,i can be treatedas follows.

Make G = H x H act on Qi,i ~ (U(l) x U(l))/12 by

(s,t) [(x,y)] = [(xexp2m~s,vexp2it~t)].

The isotropygroupof [(1, 1)1,

H = {(s,t) : either (s,t) ClxZOr (s + ~,t + ~)Clxl},

isgenerated,asasubgroupofG,byH0= ~(0,0)}andtheelements (~,4), (1,0)

and (0, 1), subjectto
(~s)2 = (1,0). (0,1).
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The representationr is trivial and it has four different lifts to Spin(2) or
Spin(1, 1), characterizedby thefour independentchoicesof signs,

~ ~) = ±1, ~(l,0) = ±1. (6.13)

Thechoiceofpositivesignsin (6.13) correspondsto a“trivial” spin structure.
Among the properreal quadricstherearethreethatare group manifoldsand
thus havetrivial (product) spin structures.They are Q’~~ U(l) x

Q1,3 ~ Q~,i~ IJ(2) and ~ ~ 50(4). The quadricsQl,7 ~ Q7,I, Qi,~~ Q~i

andQ~areparallelizableand,therefore,alsohavea trivial spinstructure.

7. The topological conditions

In this sectionwe recall the statementof the topological conditionson the
existenceof spin structuresandapply themto the properreal quadrics.We use
the resultson themod 2 cohomologygroupsof thequadricsgivenby Dieudonné
[13] andcomputethe relevantStiefel—Whitneyclasses[23].

Recall that, if E —* Al is a real vectorbundleof fibre dimensionn, thenits
ith Stiefel—Whitneyclass, i = 0, l,...,n, is an elementof the ith cohomology
group H’(M,12) such that the following axiomshold: (i) naturality, (ii) the
Whitneyproductproperty,and (iii) thefirst Stiefel—WhitneyclassoftheMöbius
line bundle over the circle is non-zero.Denotingby w (E) the ith class,and
introducingthe totalStiefel—Whitneyclassof E —~ Al,

w(E) =wo(E)+w1(E)++w~(E), w0(E) = 1,

onecanwrite axiom (ii) as

w(E+F) = w(E)w(F), (7.1)

whereE ~ F is the Whitney sumof the vector bundlesE —~ Al andF —‘ Al.
The multiplication on the right of (7.1) is the cup product in the cohomology

algebra~~L.0H’ (Al, 12).
Thevanishingof w1 (E) is equivalentto theorientabilityof thevectorbundle

F —# M. The secondStiefel—Whitneyclassis relatedto the existenceof spin
structures;for our purposesit is convenientto formulatethis relation in the
following proposition, which is a corollary from a generaltheoremgiven by
Karoubi [16]:

Proposition 9. Let Al be an orientablepseudo-Riemannianmanifold with a
metric tensor g ofsignature(p,q) andlet

TM = T’ ~

bea decompositionofits tangentbundleinto vectorbundlessuchthat gir’ (gir”)
is positive(negative)definite. Thereis a Spin(p,q)-structureon (Al, g) iff

w2(T’) + w2(T) = 0. (7.2)
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Moreover, if this conditionis satisfied, theninequivalentspin structuresare in a
bijectivecorrespondencewith the elementsofH’ (Al, 12).

Notethatorientabilityof the manifoldAl is equivalentto

w
1 (T’) + w1 (T”) = 0. (7.3)

It follows from (7.1) that

w2(TM) = w2(T’) + w2(T”) + w,(T’)w,(T”)

andcondition (7.2) is equivalentto

w2(TM) + w,(T’)w,(T”) = 0. (7.4)

If Al is an orientable, proper Riemannian manifold, then w, (T’) =

w1 (TM) = 0 andcondition (7.4) reducesto

w2(TAl) = 0. (7.5)

It is clearthat to determinethe existenceof spinstructureson the real quadric
Qp,q (p, q > 0 andp + q even) it sufficesto computethe Stiefel—Whitneyclasses

w1(p,q) = w,(T,~~)=

w~(p,q)= w2(Tpq), w~’(p,q)= W2(Tj~q),

whereTp,q = T~q~ T~q,as in proposition 3. According to proposition9, the
quadricQp,q (p + q even) hasa

Spin(p + q)-structure iffw(p,q) + w~’(p,q)+ w,(p,q)
2 = 0, (7.6)

Spin(p,q)-structure iffw~(p,q)+ wq(p,q) = 0. (7.7)

Accordingto §24.39,prob. 10 of ref. [13], the cohomologygroupH’ (Qp,q,12)
is

12 forp<q,0<i<p,q<i<p-~-q,

12 forp = q, 0< i <p —1, p + 1 <i < 2p,

l
2xZ2 forp=q=i,

{0} forp<i<q.

Recall that,for q odd, the quadricQi,q is diffeomorphicto S, x Sq and, there-
fore, its Stiefel—Whitneyclassesw vanishfor i > 0. Weneedto considerfurther
only thecaseswhenp andq > 2. Underthis assumption,thegroupH

1 (Qp,q,12)

is 12 generatedby w, the classof the cocycle taking value 1 on the one-cycle
definedby the mapc: [0, it] —~ Qp,q, where

c(t) = [(e, cost + e
2sint, f1 cost+ f2sint)]. (7.8)

Moreover,the squareof w—in the senseof the cup product—isa non-zero

elementof H
2 (Qp,q, 12) anda generatorof the groupexceptwhenp = q = 2.
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To computethe first two Stiefel—Whitneyclassesof the vectorbundle Tp’q
Qp,q, we considerthe bundlemap

—~ THP,, : [(x,u), (y,O)] ~ [(x,u)],

which coversthe projection it,,, of Q~ontothe real, p-dimensionalprojective
spaceHP~,itp[(x,y)] = [xi. Fromnaturality we have

itw(THP~)= W(Tp’q).

Accordingto theorem4.5 in ref. [23], the total Stiefel—Whitneyclassof the real
projectivespaceis

w(THP,,) = (1 +

where f~is the generatorof H’ (HP,,,12) = 12 characterizedby the propertyof
taking value 1 on the classof the one-cycleit,, o c, wherec is given by (7.8).This
showsit& = w andprovesthe formulae

w,(p,q) = (p+l)w,

w~(p,q) = ~p(p + l)w2, w~’(p,q) = ~q(q + l)w2,

wherep, q > 2 andthe coefficientscan bereducedmod2. For p + q = 2m we
havethe congruence

~p(p + 1) + ~q(q + 1) ~ m +p (mod 2).

Therefore,if p andq areodd andlargerthan I, thenw
1 (p,q) = 0,

w~(p,q)+w~’(p,q)= 0 iffmisodd, (7.9)

therearetwo Spin(p + q)-structuresandtwo Spin(p,q)-structuresfor m odd,
but nonefor m even.

Ifp andqareevenand>2, thenw,(p,q) = w ~ 0,

,, 10 formevenw2(p,q) +w2(p,q) = ~w1(p,q)2~ 0 form odd. (7.10)

There are two Spin (p + q )-structuresfor in odd andtwo Spin (p, q )-structures
for meven,but nototherwise.Theseobservations,togetherwith earlierremarks
about the casep = I andq odd, give a completetopologicaljustificationof the
resultssummarizedin section 1 anddescribedin section6.
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